Abstract. Let P be a monic polynomial of degree D ≥ 3 whose filled Julia set K P has a non-degenerate periodic component K of period k ≥ 1 and renormalization degree 2 ≤ d < D. Let I = I K denote the set of angles θ on the circle T = R/Z for which the (smooth or broken) external ray R P θ for P accumulates on ∂K. We prove the following:
• I is a compact set of Hausdorff dimension < 1 and there is an essentially unique degree 1 monotone map Π : I → T which semiconjugates θ → D k θ (mod 1) on I to θ → dθ (mod 1) on T.
• Any hybrid conjugacy ϕ between a renormalization of P
•k on a neighborhood of K and a monic degree d polynomial Q induces a semiconjugacy Π : I → T with the property that for every θ ∈ I the external ray R P θ has the same accumulation set as the curve ϕ −1 (R Q Π(θ) ). In particular, R P θ lands at z ∈ ∂K if and only if R Q Π(θ) lands at ϕ(z) ∈ ∂K Q .
• The ray correspondence established by the above result is finite-to-one. In fact, the cardinality of each fiber of Π is ≤ D − d + 2, and the inequality is strict when the component K has period k = 1.
Introduction
This paper provides an understanding of the external rays that accumulate (and in particular land) on a non-degenerate periodic component of a disconnected polynomial Julia set. It can be viewed as a complement to the well-studied case of connected Julia sets initiated by Douady and Hubbard in the late 1980's.
Here is a brief outline of the results; we will give the precise definitions in §2 and the proofs in §4- §7. Let P : C → C be a monic polynomial of degree D ≥ 3 whose filled Julia set K P is disconnected. Let K be a periodic component of K P of period k ≥ 1 which is non-degenerate in the sense that it is not a single point. There are topological disks U 1 , U 0 containing K such that the restriction P
•k | U 1 : U 1 → U 0 is a polynomial-like map of some degree 2 ≤ d < D with connected filled Julia set K. This restriction is hybrid equivalent to a polynomial Q of degree d, that is, there is a quasiconformal map ϕ : U 0 → ϕ(U 0 ) which satisfies ϕ • P
•k = Q • ϕ in U 1 and has the property that∂ϕ = 0 a.e. on K. It follows that ϕ(K) is the filled Julia set K Q . The main objective of this paper is to relate the external rays of Q to the external rays of P which accumulate on ∂K. Since K Q is connected, every external ray of Q is a smooth curve. For P , however, we need to allow all external rays, including the ones that crash into the escaping precritical points of P . These generalized rays can be defined in terms of the gradient flow of the Green's function G of P in C K P . They consist of smooth field lines of ∇G that descend from ∞ and approach K P , as well as their limits which are broken rays that abruptly turn when they crash into a critical point of G. For each θ ∈ T := R/Z we have either a smooth ray R θ or a pair R ± θ of broken rays which descend from ∞ at the angle θ. Here R + θ (resp. R Theorem A (External angles associated with K). The set I = I K ⊂ T of angles θ for which the smooth ray R θ or one of the broken rays R ± θ accumulates on ∂K is compact, invariant under D
•k and of Hausdorff dimension ≤ log d /(k log D). Moreover, there is a continuous degree 1 monotone surjection Π : I → T which makes the following diagram commute:
(1.1)
The semiconjugacy Π is unique up to postcomposition with a rotation of the form τ → τ + j/(d − 1) (mod 1).
Observe that the existence of the semiconjugacy Π implies that I is uncountable and in fact contains a Cantor set. It would be tempting to speculate that I itself is a Cantor set, but in §7 we construct examples for which I has isolated points (compare Theorem D below).
Let us denote the accumulation set of a (smooth or broken) ray R by Acc(R): Acc(R) := R R Theorem B (Ray correspondence). For any hybrid conjugacy ϕ : U 0 → ϕ(U 0 ) between the restriction P
•k | U 0 : U 1 → U 0 and a degree d monic polynomial Q, there is a choice of the semiconjugacy Π : I → T of Theorem A such that
whenever θ ∈ I.
In particular, R P θ lands at z ∈ ∂K if and only if R Q Π(θ) lands at ϕ(z) ∈ ∂K Q . Here R P θ and R Q θ denote the external rays at angle θ for P and Q, respectively (in the case of a broken ray for P , precisely one of the two possible rays at angle θ ∈ I accumulates on ∂K and R P θ denotes that choice). Note that for each τ ∈ T the preimage ϕ −1 (R Q τ ) is an arc in C K that accumulates on ∂K but possibly meets infinitely many components of K P along the way. The main ingredient of the proof of Theorem B is to show that for every θ ∈ Π −1 (τ ), the ray segment R P θ ∩U 1 and the arc ϕ −1 (R Q τ )∩U 1 stay at a bounded distance in the hyperbolic metric of U 0 K.
To illustrate the content of Theorem B, consider a cubic polynomial of the form P (z) = e 2πiθ z + bz 2 + z 3 , where b ∈ C and the rotation number θ has a continued fraction [a 1 , a 2 , a 3 , . . .] that satisfies log a n = O( √ n) as n → ∞. For large enough |b| the filled Julia set K P is disconnected but has a quadratic-like restriction hybrid equivalent to Q(z) = e 2πiθ z+z 2 . It follows that the component K of K P containing the fixed point 0 is quasiconformally homeomorphic to K Q . According to [PZ1] , the filled Julia set K Q is locally connected. Moreover, every w ∈ ∂K Q is the landing point of one or two rays according as the forward orbit of w misses or hits the critical point −e 2πiθ /2 of Q. The semiconjugacy Π of Theorem A is at most 2-to-1 in this case (see Theorem C below), so Theorem B implies that every point of ∂K is the landing point of at least one and at most four rays for P . Fig. 1 shows neighborhoods of the respective critical points in K and K Q for the golden mean case θ = ( √ 5 − 1)/2 = [1, 1, 1, . . .]. Looking at the figure on the right, it is far from obvious that the critical point at the center is accessible through an arc that avoids the uncountably many components of K P .
The following corollary of Theorem B is worth mentioning:
Corollary. If a non-degenerate component K of a polynomial filled Julia set is locally connected, every point of its boundary ∂K is the landing point of at least one ray, and therefore is accessible through C K. The filled Julia set of the quadratic polynomial Q(z) = e 2πiθ z + z 2 , with θ = ( √ 5 − 1)/2. Right: The disconnected filled Julia set of some cubic polynomial P (z) = e 2πiθ z + bz 2 + z 3 with a quadratic-like restriction hybrid equivalent to Q. Both pictures are magnified near the critical point at the center.
Here the assumption of K being periodic is not needed since every non-degenerate component of a polynomial filled Julia set is known to be eventually periodic [QY] .
The analog of the above corollary in the connected case is well known and in fact non-dynamical: Every boundary point of a locally connected full continuum is accessible, hence by the theorem of Lindelöf [Po] it is the landing point of at least one hyperbolic geodesic in the complement descending from ∞. But the disconnected case asserted by the above corollary is certainly dynamical, as it fails for general compact sets (think of the union of the closed unit disk together with the semicircles {(1 + 1/n)e 2πit : |t| ≤ 1/4} for n ≥ 1, where every point of the right half of ∂D is inaccessible from the complement of this union).
In §6 we prove Theorem C (Valence of Π). The semiconjugacy Π : I → T of Theorem A satisfies
The inequality is strict if the component K has period k = 1.
The proof has two (somewhat related) ingredients: One is the dynamics of the "gaps" of I = I K and its maximal Cantor subset as degree d invariant sets for D
•k . The other is a bound on the cardinality of the fibers of Π whose angles are eventually periodic under D
•k . This is related to the problem of bounding the number of cycles of smooth rays that land on a periodic point, studied in degree 2 by Milnor [M2] and extended to higher degrees by Kiwi [K] in their work on "orbit portraits" of polynomial maps. The argument in our case is a bit more subtle, as we have to deal with periodic rays that are infinitely broken, or smooth periodic rays that pull back to pairs of broken rays.
In §7 we present a general method for constructing examples where K has period 1 and Π has the top valence D − d + 1 predicted by Theorem C. Consider the D − 1 fixed points
of the map D, taking the subscript i modulo D − 1. Using the technique of quasiconformal surgery we prove the following Theorem D (Top valence and isolated rays). Given integers 2 ≤ d < D, a degree d polynomial Q with connected filled Julia set and a fixed point θ j of D, there is a polynomial P of degree D whose filled Julia set has a component K = P (K) such that (i) P restricted to a neighborhood of K is hybrid equivalent to Q.
(ii) The D − d + 1 consecutive fixed points θ j , . . . , θ j+D−d belong to the same fiber of the semiconjugacy Π :
The corresponding rays R 
Preliminaries
We assume the reader is familiar with the basic notions of complex dynamics, as in [M1] . For convenience, and to establish our notations, we quickly recall some definitions. 
2.1.
Green and Böttcher. Let P : C → C be a monic polynomial map of degree D ≥ 2. The filled Julia set K P is the union of all bounded orbits of P :
It is a compact non-empty subset of the plane with connected complement C K P . This complement can be described as the basin of infinity of P , that is, the set of all points which escape to ∞ under the iterations of P . The Green's function of P is the continuous subharmonic function
which describes the escape rate of z to ∞ under the iterations of P . Here log + t = max{log t, 0}. It satisfies the relation
with G(z) = 0 if and only if z ∈ K P . We often refer to G(z) as the potential of z. The Green's function is harmonic in C K P and has critical points precisely at the escaping precritical points of P , that is, ∇G(z) = 0 for some z ∈ C K P if and only if P •n (z) is a critical point of P for some n ≥ 0. It is easy to see that for every s > 0 there are at most finitely many critical points of G at potentials higher than s. The open set G −1 ([0, s[) has finitely many connected components, all being Jordan domains with piecewise analytic boundaries.
There is a unique conformal isomorphism B = B P , defined in some neighborhood of ∞, which is tangent to the identity at ∞ (in the sense that lim z→∞ B(z)/z = 1) and conjugates P to the power map w → w D :
We call B the Böttcher coordinate of P near ∞. The modulus of B is related to the Green's function by the relation log |B(z)| = G(z) for large |z|.
Set s max := max G(c) : c is a critical point of P ,
It is not hard to see that B extends to a conformal isomorphism W 0 → {w : |w| > e smax } which still satisfies the conjugacy relation (2.1) for z ∈ W 0 . If K P is connected, every critical point of P belongs to K P , so s max = 0. In this case W 0 = C K P and B is a conformal isomorphism C K P → C D. If K P is disconnected, there is at least one critical point of P in C K P , so s max > 0. In this case W 0 is a domain bounded by the piecewise analytic equipotential curve G = s max containing the fastest escaping critical point(s) of P .
2.2. Generalized rays. For θ ∈ T, we denote by R θ the maximally extended smooth field line of ∇G such that B(W 0 ∩ R θ ) is the radial line {e s+2πiθ : s > s max }. We can parametrize R θ by the potential, so for each θ there is an s θ ≥ 0 such that G(R θ (s)) = s for all s > s θ .
1 The field line R θ either extends all the way to the Julia set ∂K P in which case s θ = 0, or it crashes into a critical point ω of G at potential s θ > 0 in the sense that lim s→s
A critical point ω of G of order n is the starting point of n ascending and n descending field lines for ∇G that alternate around ω (see Fig. 2 for the case n = 3). Thus, at most n field lines of the form R θ can crash into ω.
Lemma 2.1.
(i) The function θ → s θ is upper semicontinuous on T.
(ii) For every s > 0, the set {θ ∈ T : s θ > s} is finite.
Equality holds if R θ does not crash into a critical point of P .
Proof. (i) is the statement that if s θ 0 < s for some θ 0 , then s θ < s for all θ close to θ 0 . This is a simple consequence of the fact that the trajectories of smooth vector fields depend continuously on their initial point.
(ii) follows from the fact that for every s > 0 there are finitely many critical points of G at potentials higher than s, and each of them can have only finitely many field lines crashed into it.
For (iii), first note that the image P (R θ ) is a smooth field line which by (2.1) maps under B to the radial line at angle D(θ). Thus
This proves s D(θ) ≤ Ds θ . Now suppose R θ does not crash into a critical point of P . Then there are two possibilities: (i) R θ does not crash at all, so s θ = 0. In this case (2.2) shows that R D(θ) does not crash either and s D(θ) = 0; (ii) R θ crashes into a strictly precritical point ω of P . In this case (2.2) shows that R D(θ) crashes into P (ω) which is a critical point of G at potential Ds θ , proving once again s D(θ) = Ds θ .
It follows from the upper semicontinuity of θ → s θ that the set Σ := This follows from the fact that there are countably many critical points of G in C K P , and that s θ > 0 whenever s D(θ) > 0 by Lemma 2.1.
Here is a closely related description of the set N : Corollary 2.3. Let N 0 be the finite set of angles θ ∈ T for which the field line R θ crashes into a critical point of
Proof. The union is a subset of N since N 0 ⊂ N and N is backward-invariant under D. Conversely, suppose θ ∈ N so R θ crashes into a critical point ω of G in C K P . Let n ≥ 0 be the smallest integer for which c := P •n (ω) is a critical point of P . An easy induction using (2.2) and the inequality s D(θ) ≤ Ds θ gives
This implies that the field line
When θ / ∈ N , the field line R θ is called the smooth ray at angle θ. When θ ∈ N , the field line R θ is defined only for s > s θ and there is more than one way to extend it to a curve consisting of field lines and singularities of ∇G on which G defines a homeomorphism onto ]0, +∞[. But there are always two special choices: R + θ which turns immediate right and R − θ which turns immediate left at each critical point met during the descent (compare Fig. 2 ). We call these extensions the right and left broken rays at angle θ, respectively. Note that these broken rays are also parametrized by the potential, so R ± θ (s) make sense for all s > 0, and
On the other hand, an easy exercise shows that for each potential s < s θ the points R
Each compact piece of a broken ray is the one-sided uniform limit of the corresponding piece of the nearby smooth rays in the following sense: Let θ 0 ∈ N and fix 0 < c < 1 such that 1/c > s θ 0 > c > 0. By Lemma 2.1 we have s θ ≤ c for all θ in a deleted neighborhood of θ 0 . Then,
(s) and lim
In what follows by a ray we always mean a smooth or broken ray. It easily follows from (2.2) that
A critical point of G of order n belongs to n left and n right broken rays. On the other hand, a non-critical point in C K P belongs either to a unique smooth ray or to a pair of left and right broken rays.
Finally, let us discuss the number of critical points of G on a broken ray at angle θ ∈ N . We consider three cases:
• Case 1. θ has infinite forward orbit under D. Then by Corollary 2.3 there is a smallest integer n ≥ 1 such that D
•n (θ) / ∈ N , so we have the orbit of distinct rays
with the last ray being smooth. It follows that R ± θ can contain only finitely many critical points of G. These critical points must eventually map (in at most n − 1 iterations) to distinct critical points of P . In particular, R ± θ can contain at most D − 2 critical points of G.
• Case 2. θ is periodic of period q ≥ 1 under D. Then R ± θ are mapped onto themselves under P
•q :
Since R ± θ first crash into a critical point of G at potential s θ , they contain at least the critical points R ± θ (s θ /D nq ) for every n ≥ 0.
• Case 3. θ is not periodic but there is a smallest integer n ≥ 1 such that D •n (θ) is periodic of period q ≥ 1 under D. Combining the previous two cases, it follows that R ± θ contain infinitely many critical points if D
•n (θ) ∈ N and only finitely many critical points if
It follows from the above analysis that a periodic ray is either smooth or infinitely broken. In particular, distinct periodic rays are always disjoint.
2.3. Polynomial-like maps. A holomorphic map f : U 1 → U 0 between Jordan domains is polynomial-like if U 1 ⊂ U 0 and if f is proper. In this case f has a well-defined mapping degree d ≥ 1. In analogy with the polynomial case, the filled Julia set of f is defined as the non-empty compact set K f = {z ∈ U 1 : f
•n (z) ∈ U 1 for all n ≥ 0}. According to Douady and Hubbard [DH] , there is a polynomial Q of degree d and a quasiconformal homeomorphism ϕ : U 0 → ϕ(U 0 ) which satisfies
with ∂ϕ = 0 almost everywhere on K f . The relation ϕ(K f ) = K Q easily follows. We say that f and Q are hybrid equivalent and that ϕ is a hybrid conjugacy between f and Q. When K f is connected, the polynomial Q is uniquely determined up to affine conjugacy.
3. Basic properties of the set I K For the rest of the paper and unless otherwise stated, we fix a monic polynomial P of degree D ≥ 3. Our standing assumption is that the filled Julia set K P is disconnected and has a non-degenerate connected component K which is periodic with period k ≥ 1. This section is devoted to the construction of the set I = I K of the angles of external rays of P that accumulate on ∂K and establishing its basic properties. We would like to point out that much of the material related to the proof of Theorem A in this section and next can be presented in the language of "external classes" (see [DH] ). However, this would require roughly the same amount of effort as the more concrete approach taken here.
3.1. Construction of the set I. For s > 0, consider the Jordan domain
Then the V s are nested and K = s>0 V s . For sufficiently small s > 0 the restriction
s is a polynomial-like map of some degree 2 ≤ d < D (independent of s) with connected filled Julia set K. Let us denote by s * > 0 the largest s for which this is true. Equivalently, s * can be characterized as the largest s for which all critical points of P
•k in V s belong to K.
By Lemma 2.1 there are at most finitely many θ ∈ N for which the field line R θ crashes at a potential higher than s. It follows that the set crash into a critical point of G at some potential ≥ s and enter V s along a common field line (see Fig. 3 ). We call such R
a ray pair in I s . It is not hard to see that every ray pair in I s arises from a gap in this fashion, that is, if θ 1 , θ 2 ∈ I s and if R
Now take any θ ∈ E D k s , let ζ be the intersection point of R θ with the boundary of V D k s and find z on the boundary of V s such that
Otherwise, z belongs to some broken ray R + θ which enters V s . Then θ ∈ I s and P
•
Figure 3. The set I s is the closure of the set of angles of the field lines from ∞ that enter the topological disk V s . Here I s has two gaps ]θ 1 , θ 2 [ and ]θ 3 , θ 4 [ corresponding to the ray pairs R
, and the topological boundary Γ s = ∂V s has two root points z 1 , z 2 (see §3.2).
Remark 3.2. Since D is an open map, it follows from the above lemma that
On the other hand, a point on the boundary ∂I s may well map to an interior point in E D k s , although this should be thought of as a rare occurrence. In fact, if θ ∈ ∂I s and D
•k (θ) ∈ E D k s for some 0 < s < s * , then θ must belong to the finite set
is the set of angles of rays which first crash into a critical point of P in C K P ). To see this, simply note that if θ, D(θ), . . . , D
•k−1 (θ) were all outside N 0 , repeated application of Lemma 2.1 would
The sets E s and I s form nested families since if s < s and R θ enters V s , then it also enters V s . The intersection
is thus a non-empty compact subset of T which by Lemma 3.1 satisfies
Lemma 3.3. I is the set of angles θ ∈ T for which the smooth ray R θ accumulates on ∂K if θ / ∈ N , or (precisely) one of the broken rays R ± θ accumulates on ∂K if θ ∈ N . Proof. If θ / ∈ N and R θ accumulates on ∂K, then R θ enters V s for every s > 0, so θ ∈ s>0 E s ⊂ I. If θ ∈ N and, say, R + θ accumulates on ∂K (the case of R − θ is similar), then by (2.4) for every s > 0 there is an ε > 0 such that R θ enters V s if θ < θ < θ + ε. Any such θ belongs to E s , so θ ∈ I s . Since this holds for all s > 0, it follows that θ ∈ I.
Conversely, suppose θ ∈ I. If θ / ∈ N , then θ ∈ E s for every s > 0. It follows that the smooth ray R θ enters every V s , so it accumulates on ∂K. If θ ∈ N and 0 < s < s θ , then θ is a boundary point of I s , so precisely one of the broken rays R ± θ enters V s . Since this holds for every 0 < s < s θ , it follows that this broken ray accumulates on ∂K.
3.2. The affine structure of equipotential curves. Recall that for s > 0 the topological disk V s is the connected component of
Let us revisit the set E s of angles of the field lines R θ that enter V s , and the closure
crash at some potential ≥ s and enter V s along a common field line. The intersection of this field line with the topological boundary Γ s := ∂V s is called a root point of Γ s (see Fig. 3 ).
The extended Böttcher coordinate B defined in the simply connected domain W of (2.3) can be used to define a canonical affine structure on the equipotential curves Γ s . Recall that B : W → Σ is a conformal isomorphism which satisfies
is harmonic and well-defined up to an additive integer. 2 We will think of Θ as a map W → T.
The restriction of Θ gives a homeomorphism Γ s {root points} → E s . At a root point of Γ s this map has a jump discontinuity. In fact, if z 0 is a root point corresponding to the gap ]θ 1 , θ 2 [ in I s , then in the positive orientation of Γ s we have lim z z 0 Θ(z) = θ 1 and lim z z 0 Θ(z) = θ 2 . The inverse map E s → Γ s {root points} thus extends continuously to a surjective map h s : I s → Γ s which is homeomorphic on each connected component of I s but identifies pairs of gap endpoints by sending them to the corresponding root. Similarly, consider a piecewise affine surjection Π s : I s → T that has constant slope 1/|I s | on each connected component of I s and identifies pairs of gap endpoints. Thus, there is an orientation-preserving homeomorphism ψ s : Γ s → T which makes the following diagram commute:
Evidently Π s , and therefore ψ s , is unique up to a rigid rotation of the circle T. Thus there is a unique affine structure on Γ s with respect to which any choice of ψ s is an affine homeomorphism. This structure allows us to talk about affine maps between various Γ s 's. It also equips Γ s with a well-defined metric coming from the Euclidean metric on T. In particular, the angular length of Γ s is
In what follows we always measure lengths and slopes on Γ s with respect to this affine structure.
Lemma 3.4. For 0 < s < s * the following diagram is commutative:
In particular, the iterate
Proof. For simplicity set s := D k s. Both sets Γ s {root points} and Γ s {root points} are contained in W and P
•k maps the former to the latter. Since
The result follows since h s and h s are the inverses of the restrictions of Θ to Γ s {root points} and Γ s {root points}, respectively.
Consider the continuous retraction ρ s : C V s → Γ s defined by projecting along rays. More precisely, take ζ ∈ C V s and consider two cases. If ζ ∈ R θ for some θ ∈ E s , let ρ s (ζ) be the unique point in Γ s ∩ R θ . Otherwise, ζ belongs to a ray whose angle is in the closure [θ 1 , θ 2 ] of a gap of I s . In this case, let ρ s (ζ) be the root point of Γ s determined by R Fig. 3 ). Evidently, for any t > s the restriction ρ s : Γ t → Γ s is piecewise affine of degree 1, with slope 1 on the open arcs corresponding to E s and slope 0 on the arcs corresponding to E t I s . Now let 0 < s < s * so the restriction
Consider an affine homeomorphism ψ s : Γ s → T with slope 1/|Γ s |, as in (3.1). By Lemma 3.4 the composition
s : T → T has degree d and is piecewise affine with slopes D k and 0. Let us call a fixed point p = g s (p) near which g s is not constant semi-repelling. The terminology is justified by the fact that the derivative or a one-sided derivative of g s at such p is D k > 1.
Lemma 3.5. The map g s has at least d − 1 semi-repelling fixed points on the circle.
(Compare [PZ2] for a closely related result.)
Proof. Take any liftg s : R → R of g s and consider the function T (t) =g s (t) − t which is piecewise affine with slopes D k − 1 > 0 and −1 and satisfies T (t + 1) = T (t) + d − 1 for all t. The fixed points of g s correspond to the points in [0, 1[ at which T takes an integer value, and being semi-repelling means T does not have slope −1 there. By the intermediate value theorem, for each of the d − 1 integers j satisfying T (0) ≤ j < T (1) = T (0) + d − 1, the equation T (t) = j has at least one solution in [0, 1[. Evidently T cannot have slope −1 at all such solutions, so at least one of them must correspond to a semi-repelling fixed point of g s .
By the construction, each semi-repelling fixed point of g s corresponds to a fixed point of D
•k in I s . Since the I s are nested with I = s>0 I s , and since D •k has only finitely many fixed points on the circle, we conclude from Lemma 3.5 the following Corollary 3.6. There exist at least
The number of fixed points of D •k in I could be greater than d−1; see the examples in §7.
Remark 3.7. The periodic points of D in the above corollary are all of minimal period k. In fact, if D
•m (θ) = θ for some θ ∈ I and m > 0, then
As the component K has minimal period k under P , we conclude that m must be a multiple of k.
Proof of Theorem A
We now have all the ingredients for the proof of Theorem A. The existence of the semiconjugacy and the Hausdorff dimension bound will be proved in §4.1. The uniqueness of Π will be addressed in §4.2.
4.1. Construction of the semiconjugacy Π. Let θ 0 be a fixed point of D
•k in I whose existence is guaranteed by Corollary 3.6. Fix any s 0 with 0 < s 0 < s * and consider the potentials
For simplicity, we write I n for I sn , Γ n for Γ sn , and so on. Let Π n : I n → T denote the unique piecewise affine surjection with slope 1/|I n |, normalized so that Π n (θ 0 ) = 0, and consider the induced orientation-preserving affine homeomorphism ψ n : Γ n → T which by (3.1) satisfies
n : T → T is a degree d covering map that fixes 0 and has constant slope, so it must be the map d. Thus,
Using (3.2) and (4.1), we obtain the relation
which can be visualized as the infinite commutative diagram
Note that this implies
which in particular shows |I n | → 0 and therefore |I| = 0. More precisely, we have the following Theorem 4.1. The Hausdorff dimension of the set
Proof. Let B n be the image of the set of boundary points of I n under the surjection
. Moreover, by Remark 3.2 any point in B n+1 d −1 (B n ) must belong to the finite set
. This shows that the cardinality of B n , i.e., the number of connected components of I n , grows asymptotically as d n . Evidently the connected components of I n have length ≤ const. D −nk . Thus the lower box dimension of I is at most
The result follows since the Hausdorff dimension is bounded above by the lower box dimension.
Proof. Take any n ≥ 0. First suppose θ is an interior point of I n . Then by (4.2),
Under Π n+1 , every point in the d-element set d −1 (Π n (θ)) has either one preimage in the interior of I n+1 , or two preimages which are endpoints of a gap of I n+1 . By removing one of these endpoints in every such pair, we obtain a d-element set in
Now suppose θ is a right endpoint of a gap of I n (the case of a left endpoint is similar). Let θ be the left endpoint of the same gap so Π n (θ) = Π n (θ ). By Lemma 3.1, all elements of D −k (θ) ∩ I n+1 are right endpoints of gaps in I n+1 and all elements of D −k (θ ) ∩ I n+1 are left endpoints of gaps in I n+1 . By (4.2),
This shows that under Π n+1 , every point in the d-
consists of exactly d elements and Π n+1 is injective on it.
The proof of the lemma is now straightforward. By what we just showed, for each n there is a d-element set X n ⊂ D −k (θ) ∩ I n on which Π n is injective. Since there are only finitely many d-element subsets of D −k (θ) on the circle, some set X must occur infinitely often in the sequence {X n }. Evidently X is contained in D −k (θ) ∩ I and Π n is injective on it for infinitely many n. To see that every Π n is injective on X, it suffices to observe that injectivity of Π n+1 | X implies injectivity of Π n | X . In fact, if θ 1 , θ 2 are distinct points in X with Π n (θ 1 ) = Π n (θ 2 ), then θ 1 , θ 2 are the endpoints of a gap of I n , and since they both belong to I, they must be the endpoints of the same gap of I n+1 , which shows Π n+1 (θ 1 ) = Π n+1 (θ 2 ).
For n ≥ 0 consider the set Z n := d −n (0) which consists of d n equally spaced rational points of the form i/d n (mod 1). Clearly,
Lemma 4.3. There is an increasing sequence of finite sets
Note that by (iii), C n has d n elements and Π n : C n → Z n is an order-preserving bijection.
Proof. We construct {C n } inductively as follows. Set C 0 := {θ 0 } and apply Lemma 4.2 to find a d-element set C 1 ⊂ D −k (θ 0 ) ∩ I containing θ 0 on which every Π j is injective. Note that Π 1 (C 1 ) ⊂ Z 1 by (4.2), hence Π 1 (C 1 ) = Z 1 as both sets have d elements. Suppose now that we have constructed the sets C 0 ⊂ · · · ⊂ C m in I which satisfy the conditions (i)-(iii) for all 1 ≤ n ≤ m. For each θ ∈ C m C m−1 apply Lemma 4.2 to obtain a d-element set X θ ⊂ D −k (θ) ∩ I on which every Π j is injective. Define
As the sets in the above union are disjoint, we see that C m+1 has d m+1 elements. By (4.2) and the induction hypothesis, every Π j is injective on C m+1 , and Π m+1 (C m+1 ) ⊂ Z m+1 . It follows that Π m+1 (C m+1 ) = Z m+1 , as both sets have d m+1 elements. This completes the induction step.
As a consequence of the above lemma, we obtain the infinite commutative diagram
in which every vertical arrow is an order-preserving bijection. Chasing around this commutative diagram shows that for all integers j, ≥ 0,
The proof is a straightforward induction on j for each fixed . It follows that for each j ≥ 0, (4.3) Π n (θ) = Π j (θ) whenever θ ∈ C j and n ≥ j.
It is now easy to construct the semiconjugacy Π of Theorem A. Given θ ∈ I, find adjacent points x, y ∈ C j such that θ ∈ [x, y]. Then (4.3) and the monotonicity of the projections show that if n > m ≥ j,
we conclude that the sequence {Π n } converges uniformly on the compact set I to a degree 1 monotone surjection Π : I → T which by (4.2) semiconjugates D
•k : 
Proof. We first prove a version of the claim for positive potentials: Suppose ]θ 1 , θ 2 [ is a gap of I s for some 0 < s < s * . Set s := D k s and consider
crash into a critical point ω with potential G(ω) ≥ s, so the image rays
) have a common point ω := P •k (ω). These rays are necessarily broken if θ 1 = θ 2 , since two distinct smooth rays, or a smooth and a broken ray, can never meet. Thus
is a ray pair in I s , or equivalently ]θ 1 , θ 2 [ is a gap of I s .
Working with the sequence of potentials s n = D −nk s 0 as before, there is an integer n 1 ≥ 0 and an increasing sequence {]a n , b n [} n≥n 1 such that ]a n , b n [ is a gap of I n and n≥n 1 ]a n , b n [=]a, b[. We may assume that a n := D
•k (a n ) and b n := D •k (b n ) are distinct. Then, by the positive potential case treated above, ]a n , b n [ is a gap of I n−1 . Since there is an integer n 2 ≥ n 1 such that the sequence {]a n , b n [} n≥n 2 is increasing and n≥n 2 ]a n ,
We can extend the restriction D
•k | I to a continuous monotone map f : In particular, f is a monotone map of degree d.
Proof. Evidently ξ is constant on each gap of I. Compare [BBM] and [Z] for the similar case of "rotation sets" where d = 1.
Proof. Let {J i } denote the countable collection of gaps of I of multiplicities {m i }. We have i |J i | = 1 since I has measure zero, hence i |f
The definition of multiplicity shows that |f 
Proof. Consider a fixed point
of fixed points of d. Since the rotation τ → τ + 1/(d − 1) (mod 1) commutes with d, it suffices to show that if ξ 1 (θ 0 ) = ξ 2 (θ 0 ) = 0, then ξ 1 = ξ 2 everywhere. By Lemma 4.5, the degree 1 monotone extensions ξ i : T → T are semiconjugacies between f and d. This will easily imply ξ 1 = ξ 2 as follows (compare [KH] ). Let x 0 ∈ R be a representative of θ 0 ∈ T and F : R → R be the unique lift of f such that
This means the Ξ i are the fixed points of the map Ξ → (Ξ • F )/d acting on the complete metric space of continuous functions R → R that commute with x → x + 1, equipped with the uniform metric dist(Ξ, Ξ ) = sup x∈R |Ξ(x)−Ξ (x)|. This map is clearly contracting by a factor 1/d < 1, hence it has a unique fixed point. We conclude that Ξ 1 = Ξ 2 or ξ 1 = ξ 2 .
Proof of Theorem B
Throughout this section we will adopt the following notations:
• For θ ∈ I, we denote by R P θ the unique external ray of P at angle θ that accumulates on ∂K. Thus, R P θ is the smooth ray R θ if θ ∈ I N , and it is one of the broken rays R ± θ if θ ∈ I ∩ N .
• L θ is the radial line in C D at angle θ ∈ T:
• dist X is the distance in the hyperbolic metric of a domain X ⊂ C whose complement has at least three points.
5.1. A reduction. We begin by reducing Theorem B to a statement on the hyperbolic geometry of rays. Suppose ϕ : U 0 → ϕ(U 0 ) is a hybrid conjugacy between P •k : U 1 → U 0 and a degree d polynomial Q which we may assume to be monic. In order to prove Theorem B, it suffices to show that there is a choice of the semiconjugacy Π such that for every θ ∈ I the arc ϕ(R This is because a ball of fixed radius in this metric has shrinking Euclidean diameter as its center tends to ∂K Q . Use the Böttcher coordinate B Q :
Then the above condition is equivalent to Φ(R P θ ∩ U 1 ) and the radial segment L Π(θ) ∩ Φ(U 1 K) having finite Hausdorff distance in the hyperbolic metric of Φ(U 0 K). Thus, Theorem B will follow from the following
Then there is a choice of the semiconjugacy Π : I → T of Theorem A such that for each θ ∈ I the arc Φ(R P θ ∩ Ω 1 ) and the radial segment L Π(θ) ∩ Ω 1 have finite Hausdorff distance in the hyperbolic metric of Ω 0 .
In particular, the arc Φ(R P θ ∩Ω 1 ) lands at the point exp(2πiΠ(θ)) on the unit circle.
The following lemma shows that it suffices to prove Theorem 5.1 for some quasiconformal conjugacy:
Lemma 5.2. If Theorem 5.1 holds for one quasiconformal conjugacy between the restriction of P
•k and Q d , then it holds for any other.
Proof. Suppose Theorem 5.1 holds for Φ 1 : Ω 0 → Ω 0 and a corresponding semiconjugacy Π 1 : I → T. Let Φ 2 be another such quasiconformal conjugacy which we may assume has the same domain Ω 0 . The composition
is a quasiconformal homeomorphism with |Ψ(z)| → 1 as |z| → 1, and therefore it extends to a homeomorphism of the unit circle. Moreover, since Ψ commutes with Q d , its extension to the unit circle is a rational rotation of the form S : z → e 2πij/(d−1) z.
First consider the case where S is the identity map. If A is an annulus of the form {z : 1 < |z| < r} with r sufficiently close to 1, it follows that
where M > 0 depends only on the maximal dilatation of Ψ. By the assumption, for every θ ∈ I the arcs Φ 1 (R If S is not the identity map, we can run the above argument for S −1 •Φ 2 to conclude that Theorem 5.1 holds for Φ 2 and the choice Π 2 = Π 1 + j/(d − 1). 5.2. Theorem 5.1 and its corollaries. The proof of Theorem 5.1 begins as follows. Take the polynomial-like restriction P
•k : U 1 → U 0 , where U 1 = V D −k s 0 and U 0 = V s 0 for a sufficiently small s 0 > 0 in the notation of §3.1. We may choose the quasiconformal conjugacy Φ such that the images Ω i = Φ(Ω i ) for i = 0, 1 are round annuli of the form Ω 0 = {z : 0 < log |z| < r 0 } and Ω 1 = {z : 0 < log |z| < d −1 r 0 } for some r 0 > 0. Set
The topological annuli {Ω n } and the round annuli {Ω n } are nested and the difference sets A n := Ω n Ω n+1 and A n := Ω n Ω n+1 are closed annuli. The maps P •k : A n+1 → A n and Q d : A n+1 → A n are degree d regular coverings for every n ≥ 0.
If θ 0 ∈ I is a fixed point of D
•k given by Corollary 3.6, we may choose Φ such that Φ(R
By Theorem A there is a unique semiconjugacy Π : I → T between D •k | I and d normalized so that Π(θ 0 ) = 0. Let {C n } be the sequence of iterated preimages of θ 0 in I constructed in Lemma 4.3.
Lemma 5.3. For every n ≥ 0 and every θ ∈ C n ,
is an order-preserving bijection C n → Z n which by (5.2) sends θ 0 to 0. Thus, by Lemma 4.3, τ = Π n (θ). Finally, since θ ∈ C n , (4.3) shows that Π n (θ) = Π(θ).
Now consider the open topological disks
Observe that there are d n connected components of Q −n d (∆ ) in A n which are separated by the radial lines L τ for τ ∈ Z n . Similarly, there are d n connected components of P −nk (∆) in A n which, in view of Lemma 5.3, are separated by the rays R P θ for θ ∈ C n . Lemma 5.4. For every θ ∈ I and every n ≥ 0 there is a connected component of Q −n d (∆ ) whose closure contains both arcs
Proof. Take adjacent angles x, y ∈ C n such that θ ∈ [x, y[; then Π(θ) ∈ [Π(x), Π(y)] by monotonicity. Let ∆ n be the unique connected component of P −nk (∆) whose closure contains both R It is now easy to finish the proof of Theorem 5.1. For n ≥ 0, let ρ n denote the hyperbolic metric of the annulus Ω n , so ρ 0 < ρ n in Ω n by the Schwarz lemma. Choose δ > 0 so that the d connected components of Q Corollary 5.5. The following conditions on θ, θ ∈ I are equivalent: Proof. We will use a quasiconformal conjugacy Φ and the associated objects, using the notations in the above proof of Theorem 5.1. and (ii) follows since the hyperbolic metrics of C K and Ω 0 are comparable in Ω 1 .
(ii) =⇒ (iii): Since the conformal isomorphism ζ is a hyperbolic isometry, dist C D (ζ(R P θ (s)), ζ(R P θ (s))) stays bounded as s → 0. In particular, ζ(R P θ ) and ζ(R P θ ) have the same accumulation sets on ∂D. Thus, we need only check that the arc ζ(R P θ ) lands. To see this, note that the map
is quasiconformal with |ξ(z)| → 1 as |z| → 1, so it extends to a homeomorphism of the unit circle. Since Φ(R Since ξ is a homeomorphism of the unit circle, we conclude that Π(θ) = Π(θ ).
The last two assertions are straightforward consequences of (i) and (iii), respectively.
Proof of Theorem C
Let Π : T → T be the degree 1 monotone extension of the semiconjugacy between D
•k | I and d constructed in §4.1, and f : T → T be a degree d monotone extension of D
•k | I as in §4.2. We construct a (maximal) Cantor set C ⊂ I whose gaps are precisely the interiors of the non-degenerate fibers of Π. We will prove Theorem C by bounding the number of points of I that lie in a given gap of C.
6.1. A Cantor subset of I. For x ∈ T, let H x denote the fiber Π −1 (x). The semiconjugacy relation Π • f = d • Π (Lemma 4.5) and monotonicity of f show that
H y .
Here eachH x , the interior of the fiber H x , is an open interval (possibly empty). Evidently C is a non-empty compact proper subset of the circle.
Lemma 6.1. C is a Cantor subset of I with f (C) = C.
Proof. Every gap of I is contained in a uniqueH x since Π is constant on it. This shows C ⊂ I. Moreover, C is totally disconnected since I is, and it has no isolated points since distinctH x 's have disjoint closures. This proves that C is a Cantor set.
To see the f -invariance property of C, first suppose f (θ) ∈H x for some x. Then by (6.1) there is a y ∈ d −1 (x) such that θ ∈H y . This proves f (C) ⊂ C. To verify the reverse inclusion, suppose θ ∈ C and take any θ with f (θ ) = θ. If θ ∈ C, then θ ∈ f (C) and we are done. Otherwise θ ∈H y for some y. Setting x := d(y), it follows from f (H y ) = H x that either H x = {θ}, or H x is a non-degenerate closed interval having θ as a boundary point. In either case, monotonicity of f implies that some endpoint of H y maps to θ, implying θ ∈ f (C). This proves C ⊂ f (C).
Remark 6.2. It is easy to see that C is the maximal Cantor subset of I. In fact, if X is any Cantor subset of I not contained in C, then some gap of C would contain uncountably many points of X. All such points would have the same image under Π, which would contradict finiteness of the fibers of Π in I (Theorem C). Alternatively, C can be characterized as the set I * of all "condensation points" of I, that is, the set of all θ ∈ I such that every neighborhood of θ contains uncountably many points of I. This follows from the theorem of Cantor-Bendixson according to which I * is perfect and I I * is at most countable.
The above invariance shows that the commutative diagram (1.1) restricts to the Cantor set C:
Since the closures of gaps of C are precisely the non-degenerate fibers of Π, it follows that the analog of Lemma 4.4 holds for C, that is,
The above diagram shows that for any gap J 0 of C, the image f (J 0 ) is a single point in C if J 0 is taut, and it is the closure of a gap J 1 of C if J 0 is loose. Note that in the latter case f maps the closed interval J 0 onto the closed interval J 1 monotonically, but it may fail to map J 0 onto J 1 homeomorphically (for example a whole subinterval of J 0 may map to an endpoint of J 1 ). In practice, it is convenient to ignore this issue and abuse the language slightly by saying that J 0 "maps to" J 1 , or that J 1 is the "image" of J 0 . Now the same argument as in Corollary 4.6 shows that C has D k − d major gaps counting multiplicities. Evidently each gap of I is contained in a gap of C. For each gap J i of C of multiplicity n i , let m i be the number of gaps of I contained in J i counting multiplicities. Since i n i = i m i = D k − d and 0 ≤ m i ≤ n i , we must have m i = n i for all i. In other words, every major gap of C of multiplicity n contains precisely n major gaps of I counting multiplicities.
Finally, let us observe that every minor gap of C eventually maps to a major gap J. If J is taut, the next image is a single point and the gap-orbit terminates. If J is loose, the next image is a new gap (minor or major) and the gap-orbit continues. Since there are only finitely many majors gaps, we conclude that every gap of C eventually maps to a taut gap or a periodic gap. crash into an escaping critical point ω of P
•k and their image
is a smooth ray.
Note that ray pairs in I such as the above R − a , R + b are "permanent partners" in the sense that they stay together once they join:
Proof. Assume by way of contradiction that R 
have the same image under P
•k , so P •k is not locally injective near z. This shows that the common accumulation set of R P a , R P b consists only of critical points of P
•k . Since the accumulation set of a ray is connected and P
•k has finitely many critical points, it follows that R P a , R P b co-land at a critical point c of P
•k on ∂K. This implies that K meets both components of C (R Proof. Let J =]a, b[ be a gap of C which after n ≥ 1 iterates maps to a taut gap of
By Lemma 6.3 R − an , R + bn form a ray pair in I, so J n ∩ I = ∅. Assume by way of contradiction that there is a largest 0 ≤ i ≤ n−1 for which
∩I, so by the choice of i, f (θ) must be one of the endpoints of is smooth. Applying the iterate P
•(n−i−1)k , it follows that R P an is smooth. This contradicts the fact that R P an = R − an is left broken. 6.3. Periodic gaps of C. Let us begin by recalling a known relationship between periodic angles in I and periodic points on the boundary of the component K. For z ∈ ∂K, it will be convenient to use the notation Λ(z) := {θ ∈ I : R P θ lands at z}. Theorem 6.5.
(i) If θ ∈ I is periodic under D •k , then θ ∈ Λ(z 0 ) for some z 0 ∈ ∂K which is a repelling or parabolic periodic point under P
•k .
(ii) Conversely, if z 0 ∈ ∂K is a repelling or parabolic periodic point under P •k , then Λ(z 0 ) is non-empty and finite. Moreover, all angles in Λ(z 0 ) are periodic with the same period under D
Observe that in (ii), periodicity of the rays landing at z 0 implies that they are either smooth or infinitely broken (in particular, these rays are pairwise disjoint). Thus, each cycle of rays landing at z 0 consists either entirely of smooth rays, or entirely of infinitely broken rays.
This result is not new: Part (i), the landing of periodic rays on repelling or parabolic points, follows from a classical application of hyperbolic metrics introduced by Sullivan, Douady and Hubbard. For proofs in the case of connected filled Julia sets see for example [M1, Theorem 18 .10] or [P, Proposition 2.1 and its Complement]. Part (ii) appears in [LP] in a more general setting which also covers the degenerate case K = {z 0 }. Here we give an alternative proof based on Theorem B and the corresponding statement in the connected case (see also [P, Corollary B.3 
]).
Proof of part (ii). Let ϕ be a hybrid equivalence between the restriction of P
•k to a neighborhood of K and a monic degree d polynomial Q, and choose the semiconjugacy Π : I → T such that Theorem B holds. Let be the period of z 0 under P •k . Then w 0 := ϕ(z 0 ) ∈ ∂K Q has period under Q and is repelling or parabolic since this property is preserved under topological conjugacies. By [P, Corollary B.1] , the set Λ(w 0 ) := {τ ∈ T : R Q τ lands at w 0 } is non-empty and finite. By Theorem B, Λ(z 0 ) = Π −1 (Λ(w 0 )) and the following diagram commutes:
Since Λ(z 0 ) is compact and invariant under the expanding map D •k , we conclude that Λ(z 0 ) must also be finite ([M1, Lemma 18.8]). There is a neighborhood of z 0 in which P
•k is a conformal isomorphism since (P •k ) (z 0 ) = 0. It follows that P •k is injective on the set of "ends" of the rays that land at z 0 . Since there are finitely many such ends, they must be permuted by P
•k and therefore they are all periodic. This of course implies periodicity of the whole rays that land at z 0 , and proves that each angle in Λ(z 0 ) is periodic under D
•k . The fact that P •k is a conformal isomorphism near z 0 implies that it preserves the cyclic order of ray ends landing at z 0 , so D
•k preserves the cyclic order of angles in Λ(z 0 ). A standard exercise then shows that all angles in Λ(z 0 ) must have the same period.
We can say a bit more about the correspondence between rays landing at z 0 and those landing at w 0 . The external rays of Q landing at w 0 fall into some number N ≥ 1 of cycles under Q
• which have the same length q ≥ 1 and the same combinatorial rotation number p/q (compare [P, Corollary B.1] ). This means that if we label the angles in Λ(w 0 ) as 0 ≤ τ 1 < τ 1 < · · · < τ N q < 1, then d
• acts on Λ(w 0 ) as τ j → τ j+N p , taking the subscripts modulo N q. Thus, the action of Q
• on the rays landing at w 0 combinatorially mimics that of the rational rotation z → e 2πip/q z.
We claim that the cycles of D •k in Λ(z 0 ) are also of the common length q and combinatorial rotation number p/q. To see this, let τ, τ := d
• (τ ) ∈ Λ(w 0 ) so D
•k maps Π −1 (τ ) bijectively onto Π −1 (τ ). Label the elements of these fibers as Π −1 (τ ) = {θ 1 , . . . , θ ν } and Π −1 (τ ) = {θ 1 , . . . , θ ν } in counterclockwise order. Taking the conformal isomorphism ζ : C K → C D, it follows from Corollary 5.5 that the arcs ζ(R P θ 1 ), . . . , ζ(R P θν ) co-land at some u ∈ ∂D, and similarly the arcs ζ(R
extends by reflection to a conformal isomorphism f : Ω → Ω between annular neighborhoods of ∂D which sends u to u , preserves ∂D and maps each arc ζ(R
Applying this q times, we conclude that the iterate D •k q must act as the identity on the fiber Π −1 (τ ). It easily follows that each cycle of D •k in Λ(z 0 ) has length q and combinatorial rotation number p/q.
We summarize the above observations in the following Corollary 6.6. Let z 0 ∈ ∂K be a repelling or parabolic point of period under P
•k and w 0 = ϕ(z 0 ) ∈ ∂K Q be the corresponding periodic point of Q. Let N ≥ 1 be the number of cycles of d
• in Λ(w 0 ) with the common length q ≥ 1 and combinatorial rotation number p/q. Take representative angles τ 1 , . . . , τ N for these cycles and let ν j be the number of elements in Π −1 (τ j ). Then, there are precisely
and they all have the same length q and combinatorial rotation number p/q.
We now return to our discussion of the periodic gaps of the maximal Cantor set C. Suppose ]a, b[ is a periodic gap of C. Then a, b are periodic under D
•k so by Theorem 6.5(i) and Theorem B the rays R It is known that the number of distinct cycles of external rays that land on a periodic orbit of a polynomial is at most one more than the number of critical values (see [M1] for the quadratic and [K] for the higher degree case 4 ). This gives the estimate N j=1 ν j ≤ D, which implies ν j ≤ D for all 1 ≤ j ≤ N . However, we need a sharper form of this bound for the proof of Theorem C.
Each of the iterated images
is a period k component of the filled Julia set K P . Theorem A applied to each K i gives a compact set I i ⊂ T consisting of angles θ such that R θ or one of R ± θ accumulates on ∂K i , and a surjection Π i : D(b) ). Locally near the base points, σ is compatible with P : There are neighborhoods U of z i and V of z i+1 such that P : U → V is a conformal isomorphism with P (S ∩ U ) = σ(S) ∩ V for every sector S based at z i . Globally P (S) is often different from σ(S), but by the monodromy theorem if σ(S) does not contain any critical value of P , then S does not contain any critical point of P , and P | S : S → σ(S) is a conformal isomorphism.
The external rays that bound a sector can contain critical points of P when they are infinitely broken. The following convention clarifies when such boundary points should be thought of as belonging to the sector. We say that a critical point ω of P is attached to the sector S(z i , a, b) if one of the following happens:
Similarly, we say that a critical value v of P is attached to S(z i , a, b) if either (i) v ∈ S(z i , a, b), or (ii) v = P (ω) for some critical point ω attached to the sector σ −1 (S(z i , a, b)). Thus, a critical value attached to a sector S is either an interior critical value which may or may not have come from an interior critical point of σ −1 (S), or a boundary critical value coming from a boundary critical point attached to σ −1 (S).
We define the length of S = S(z i , a, b) by |S| := b − a and its weight w(S) as the integer part of D |S|. An application of the argument principle (see [GM] as well as [Z, Theorem 5.10] ) shows that w(S) = number of critical points of P attached to S counting multiplicities.
The relation
shows that if |σ(S)| ≤ |S|, then there must be a critical point of P attached to S and therefore a critical value of P attached to σ(S). In particular, the shortest sector in each cycle of σ has a critical value of P attached to it. Figure 4 . The nine external rays and sectors associated with the period 3 orbit of the cubic polynomial described in Example 6.7. The escaping critical point is shown as a red dot.
follows that σ preserves the type of a sector, i.e., σ(S) is a ghost sector if and only if S is.
The ghost sectors based at z i do not meet K i but they may well contain a component K j for some j ≡ i (mod k). We call a ghost sector minimal if it does not meet the union Note that each critical value that contributes to the count N 1 is attached to a unique minimal ghost sector. Furthermore, the critical values that contribute to the count
Lemma 6.8. The number of cycles of ghost sectors in S O is ≤ N 1 + 1. The inequality is strict if K has period k = 1.
Proof. The following argument is inspired by [K, Theorem 5.2] . Let M denote the number of cycles of ghost sectors in S O . There is nothing to prove if M = 1, so let us assume M ≥ 2. The shortest sector in each of these M cycles has a critical value attached to it. Let S 1 , . . . , S M denote these shortest sectors labeled so that |S 1 | ≤ · · · ≤ |S M |. We prove that S 1 , . . . , S M −1 are minimal. This gives the bound M − 1 ≤ N 1 , as required.
If S i is not minimal for some 1 ≤ i ≤ M −1, it contains a point z ∈ O and therefore it contains all but one of the sectors based at z. Among these sectors there must be at least one representative from each of the M − 1 cycles of ghost sectors other than the cycle represented by S i itself. This implies that there are M − 1 ghost sectors shorter than S i , a contradiction. When K has period 1, all ghost sectors are automatically minimal. Thus the shortest sectors S 1 , . . . , S M are minimal, giving the improved bound M ≤ N 1 .
The inequality is strict if K has period k = 1. 
Let n ≥ 1 be the smallest integer for which ]a n , b n [ is periodic. Then R P an , R P bn co-land at a periodic point z 0 ∈ ∂K. As in §6.3, let O denote the orbit of z 0 under P and let S O be the collection of sectors based at the points of O. Recall that N 2 ≥ 0 is the number of escaping critical values of P that are not attached to any minimal ghost sector in S O .
Proof. Under the iterate D
•nk every angle in [a, b] ∩ I maps to [a n , b n ] ∩ I. Moreover, by Lemma 6.3, for each θ n ∈ [a n , b n ] ∩ I there can be at most two angles in [a, b] ∩ I which map to θ n under D
•nk . Let us assume a ≤ θ < θ ≤ b are such angles and set
, so θ n = θ n . Let 0 ≤ i ≤ n − 1 be the largest integer for which θ i = θ i . By Lemma 6.3, the rays R
) is smooth. Hence there is an integer 1 ≤ j ≤ k for which v := P
•j (ω) is an escaping critical value of P . If v were attached to a minimal ghost sector S ∈ S O , it would necessarily be an interior critical value of S since it has the smooth or finitely broken ray R := P
•j (R
) passing through it. This would imply that the entire ray R is contained in S, and therefore the landing point ζ of R belongs to S ∩ K j . Since S does not meet the component K j , the point ζ would have to be the base point of S, and R would be one of the rays bounding S, which is a contradiction.
We have assigned to each such pair θ, θ at least one escaping critical value of P not attached to any minimal ghost sector in S O . Evidently different pairs have different critical values assigned to them, so the number of such pairs is at most N 2 . The lemma follows immediately.
We are now ready to finish the proof of Theorem C:
Proof of Theorem C. Let ]a, b[ be a gap of the Cantor set C. We need to show that the closed interval [a, b] contains at most D −d+2 points of I. Set
We consider two cases:
• Case 1. There is a smallest n ≥ 1 such that a n = b n . Then ]a n−1 , b n−1 [ is a taut gap of C, so ]a, b[ is a gap of I by Lemma 6.4. In this case [a, b] contains exactly two points of I, i.e. the endpoints a, b.
• Case 2. a i = b i and therefore ]a i , b i [ is a gap of C for all i ≥ 0. Then there is a smallest n ≥ 0 such that ]a n , b n [ is periodic. By Corollary 6.9, [a n , b n ] contains at most N 1 + 2 points of I. It follows from Lemma 6.10 and the inequality (6.3) that the cardinality of [a, b] ∩ I is at most N 1 + N 2 + 2 ≤ D − d + 2, as required. Again by Corollary 6.9 this inequality is strict if K has period 1.
Proof of Theorem D
In this section we give a descriptive proof of Theorem D by constructing examples of polynomials P of degree D ≥ 3 having a filled Julia set component K of period k = 1 and polynomial-like degree d ≥ 2 for which the semiconjugacy Π : I → T of Theorem A has the top valence D − d + 1 asserted by Theorem C. If D − d + 1 ≥ 3, it follows that I has isolated points. The common feature of these examples is that D −d+1 consecutive fixed rays of P co-land at a fixed point on ∂K. Our construction is flexible in that we can designate the hybrid class of the restriction of P to a neighborhood of K as well as the fixed rays that co-land on ∂K. 
Take a polynomial Q of degree d with K Q connected. Let P be a monic polynomial of degree D with the following properties:
(ii) The D − d critical points of P that do not belong to K are distinct and escape to ∞.
(iii) For each J i in the chosen collection, the field lines R θ i and R θ i crash into an escaping critical point ω i .
We claim that these properties imply that the angles θ j , . . . , θ j+D−d are in I = I K and belong to the same fiber of the semiconjugacy Π : I → T. By Theorem B and Theorem 6.5 the corresponding rays R where the fixed rays R 0 , R + 1/3 , R − 2/3 co-land at a repelling fixed point β ∈ ∂K. In this example θ 0 = 0 is an isolated point of I.
7.2. Construction of examples by surgery. We now give the details of the construction of polynomials that have the properties (i)-(iii) above. The idea is to use a cut-and-paste surgery to construct a synthetic model for such a polynomial, and then apply the measurable Riemann mapping theorem to realize it as an actual Fix a radius R > 1. Define a Riemann surface X conformally equivalent to theEvidently the identity map gives rise to a biholomorphism ζ : {z ∈ Y : |z| > R} → Ω(s 0 ).
The map z → z 6 on Y induces a degree 6 holomorphic branched covering f : Ω(s 0 /6) → Ω(s 0 ) with nine critical points, four simple critical points at c 1 , . . . , c 4 and a critical point of multiplicity 5 at ∞. However it is not possible to holomorphically extend f to Ω(s) for any s < s 0 /6, because each of the pre-images of the c i will become a point of discontinuity. To circumvent this problem, we use quasiconformal surgery to extend the restriction f | Ω(s 0 /3) to a degree 6 smooth branched covering of X with an invariant conformal structure of bounded dilatation.
For 0 ≤ i ≤ 4 and s ≤ s 0 denote by D i (s) the disk neighborhood of z i consisting of points z with −∞ ≤ G(z) < s. For 0 ≤ i ≤ 4 and s < s 0 < s denote by A i (s, s ) the closed topological annulus X (Ω(s ) ∪ D i (s)). Take any quadratic polynomial Q with connected filled Julia set. For s > 0 let V (s) denote the topological disk {z ∈ C : G Q (z) < s}, where G Q is the Green's function of Q. Fix some ρ > 0 and let φ : V (2ρ) → D 0 (s 0 /3) be any conformal isomorphism which sends 0 to z 0 . Set D 0 := φ(V (ρ)). The conjugate map
is a quadratic-like map conformally conjugate to Q which extends to a smooth (in fact real-analytic) degree 2 covering map between the boundary curves, that is, between the inner boundaries of the closed annuli D 0 (s 0 /3) D 0 and A 0 (s 0 /3, 2s 0 ). Since f restricts to a smooth degree 2 covering map between the outer boundaries of the same annuli, we can interpolate between f 0 and f to obtain a smooth degree 2 covering map D 0 (s 0 /3) D 0 → A 0 (s 0 /3, 2s 0 ). This gives a smooth extension of f to D 0 (s 0 /3) which is holomorphic in D 0 .
We can define similar degree 1 extensions of f to the four remaining components of {z ∈ X : −∞ ≤ G(z) < s 0 /3}, namely the topological disks D i (s 0 /3) for 1 ≤ i ≤ 4. That is, we can find a disk D i compactly contained in D i (s 0 /3) and a smooth extension of f to D i (s 0 /3) which maps D i conformally onto D i (s 0 /3) and the closed annulus D i (s 0 /3) D i diffeomorphically onto A i (s 0 /3, 2s 0 ). The details are straightforward and will be left to the reader.
Letf : X → X denote the extension of f | Ω(s 0 /3) constructed this way. Thenf is a degree 6 branched covering of X which is smooth and therefore quasiregular. Define a conformal structure µ on X by setting µ = µ 0 (the standard conformal structure) on Ω(s 0 /3) and extending it by pulling back under the iterates off . In other words, for each n ≥ 1, set µ = (f •n ) * (µ 0 ) inf −n (Ω(s 0 /3)), and define µ = µ 0 on X n≥0f −n (Ω(s 0 /3)). Evidently µ isf -invariant and has bounded dilatation since each backward orbit starting in Ω(s 0 /3) passes through each non-holomorphic region D i (s 0 /3) D i off once (or twice if it hits the boundary). By the measurable Riemann mapping theorem, there exists a quasiconformal homeomorphism ψ : X → C which pulls back the standard conformal structure of C to µ. We can normalize ψ such that the conformal map ψ • ζ : {z ∈ Y : |z| > R} → ψ(Ω(s 0 )) is tangent to the identity at ∞. The conjugate map P := ψ •f • ψ −1 is then a degree 6 monic polynomial. Moreover, the conformal map B := ζ −1 • ψ −1 : ψ(Ω(s 0 )) → {z ∈ Y : |z| > R} conjugates P to z → z 6 and is tangent to the identity at ∞, so B must be the Böttcher coordinate for P . In particular, each radial line {re 2πiθ : r > R} in Y pulls back under B to the field line R θ for P .
Setting U 1 := ψ(D 0 ) and U 0 := ψ(D 0 (s 0 /3)), we see that the restriction P | U 1 : U 1 → U 0 is a quadratic-like map hybrid equivalent to Q and therefore its filled Julia set K is connected. The boundary of U 0 is contained in the basin of ∞ and so is the boundary of the topological disk (P | U 1 ) −n (U 0 ) for every n ≥ 1. It follows that K = n≥0 (P | U 1 ) −n (U 0 ) is a connected component of the filled Julia set K P . Moreover, by the construction the four critical points ω i := ψ(c i ) of P are escaping at the common potential s 0 , and the field lines R θ i and R θ i crash into ω i for 1 ≤ i ≤ 4. Thus P satisfies the conditions (i)-(iii) of §7.1. We conclude that the angles {θ 0 , . . . , θ 4 } belong to the same fiber of Π : I K → T and the five rays R 0 , R
co-land at a fixed point on ∂K.
